We investigate in detail the class of Euclidean affine Kac-Moody symmetric spaces and their orthogonal symmetric affine Kac-Moody algebras (OSAKAs). These spaces are the only class of Kac-Moody symmetric spaces, that is not directly derived from affine Kac-Moody algebras in the classical sense.
• affine Kac-Moody symmetric spaces of the non-compact type,
• affine Kac-Moody symmetric spaces of the Euclidean type.
In this paper we investigate the interesting special case of affine Kac-Moody symmetric spaces of Euclidean type. This special case lies in-between the two large classes of Kac-Moody symmetric spaces of compact type and of non-compact type.
While symmetric spaces of the compact type and of the non-compact type are intimately linked to semisimple Lie groups, the class of Euclidean symmetric space behaves differently. In the finite dimensional situation, a Riemannian symmetric space of Euclidean type is isometric to R n , equipped with its unique scalar product. The isometry group of R n is the Euclidean group E(n) := O(n) ⋉ R n , hence a semidirect product of two subgroups. The important duality between simply-connected symmetric spaces of compact type and of non-compact type breaks down in this situation: Euclidean symmetric spaces are "self-dual".
For affine Kac-Moody symmetric spaces of Euclidean type, the situation is different. The important new feature is the existence of two types of Kac-Moody symmetric spaces of Euclidean type, which are dual to each other, one being related to (semisimple) affine Kac-Moody symmetric spaces of the compact type and one to (semisimple) affine Kac-Moody symmetric spaces of the non-compact type; hence for affine Kac-Moody symmetric spaces, the duality relation extends to the Euclidean case. This new feature can ultimately be seen as a consequence of the Lorentzian signature of the metric.
Let us describe the content of this article in more detail. In section 2 we review the functional analytic basics of the construction, giving the central definitions of Fréchet spaces in subsection 2.1 and of tame Fréchet spaces in subsection 2.2. Furthermore we review the differential geometry of tame Fréchet manifolds in subsection 2.3. Then in section 3 we study Euclidean O rthogonal S ymmetric K ac-Moody Algebras (OSAKAs) and describe their relation to Heisenberg algebras. The final section 4 is then devoted to the construction of the Kac-Moody symmetric spaces of the Euclidean type themselves.
This work is intended as a detailed answer to questions asked to the author after talks concerning this special case; the author is grateful for this interest.
Tame Fréchet manifolds 2.1 Fréchet spaces
In this section we review some standard results about Fréchet spaces, Fréchet manifolds and Fréchet Lie groups. Additional details and proofs can be found in [Ham82, Fre13b] . Definition 2.1. A Fréchet vector space is a locally convex topological vector space which is complete, Hausdorff and metrizable.
For example Banach spaces are Fréchet spaces (the countable collection of norms consists of just one element). An important example for our theory is the following: Let Hol(C, C) denote the space of holomorphic functions f : C −→ C and let B n (0) := {z ∈ C||z| ≤ e n } ⊂ C denote the closed ball of radius e n . Let f n := sup
Definition 2.2. A Fréchet manifold is a (possibly infinite dimensional) manifold with charts in a Fréchet space such that the chart transition functions are smooth.
While it is possible to define Fréchet manifolds in this way, the main obstacle in developing a fruitful theory is that there is no general inverse function theorem for smooth maps between Fréchet spaces available. Illustrative counterexamples can be found in [Ham82] . This challenge is usually resolved by restricting oneself to a subclass of "well-behaving" Fréchet spaces. A particularly usefull class is the one of tame Fréchet spaces, introduced in [Ham82] .
Tame Fréchet spaces
The central problem for all further structure theory of Fréchet spaces is a better control of the set of seminorms. For Fréchet spaces F and G and a map ϕ : F −→ G this is done by imposing tame estimates similar in spirit to the concept of quasi isometries relating the sequences of norms ϕ(f ) n on G and f m on F . Tame Fréchet spaces are then defined as complemented subspaces in certain model spaces of Banach-space-valued holomorphic functions. The main reference of the field is the article [Ham82] .
The prerequisite for estimating norms under maps between Fréchet spaces are estimates of the norms on the Fréchet space itself. This is done by a grading: A grading on a Fréchet space F is a collection of seminorms { n , n ∈ N 0 } that defines the topology and satisfies
Remark, that all Fréchet spaces admits gradings. Let (F, n,n∈N ) be a Fréchet space. Then
i defines a grading on F . Remark, that the Fréchet topologies of F induced by n and n coincide. Definition 2.3 (Tame equivalence of gradings). Let F be a graded Fréchet space, r, b ∈ N and C(n), n ∈ N a sequence with values in R + . The two gradings { n } and
They are called tame equivalent iff they are (r, b, C(n))-equivalent for some values of (r, b, C(n)).
The following example from [Ham82] is basic:
Example 2.4. Let B be a Banach space with norm B . Denote by Σ(B) the space of all exponentially decreasing sequences {f k }, k ∈ N 0 of elements of B. On this space, we can define different gradings:
These two gradings f l n 1 and f l n ∞ are tame equivalent.
Definition 2.5 (Tame linear maps). Let F , G, G 1 and G 2 denote graded Fréchet spaces.
ϕ is called tame iff it is (r, b, C(n))-tame for some values of (r, b, C(n)).
2. A map ϕ : F −→ G is called a tame isomorphism iff it is a linear isomorphism and ϕ and ϕ −1 are tame maps.
3. F is a tame direct summand of G iff there exist tame linear maps ϕ : F −→ G and ψ : G −→ F such that ψ • ϕ : F −→ F is the identity.
Definition 2.6 (Tame Fréchet space). F is a tame Fréchet space iff there is a Banach space B such that F is a tame direct summand of Σ(B).
Essentially, tame Fréchet spaces are spaces of Banach-valued holomorphic functions [Fre12e] .
Lemma 2.7 (Constructions of tame Fréchet spaces).
1. A tame direct summand of a tame Fréchet space is tame.
A Cartesian product of two tame Fréchet spaces is tame.
There are various examples of tame Fréchet spaces; most importantly the spaces Hol(C, C) (for details see [Ham82] ) and Hol(C * , C) (for details see [Fre12a] ) are tame.
Definition 2.8 (Tame Fréchet Lie algebra). A Fréchet Lie algebra g is tame iff it is a tame vector space and ad(X) is a tame linear map for every X ∈ g.
Definition 2.9 (Tame Fréchet manifold). A tame Fréchet manifold is a Fréchet manifold with charts in a tame Fréchet space such that the chart transition functions are smooth tame maps.
Differential geometry of tame Fréchet manifolds
Let M be a tame Fréchet manifold whose charts take values in a Fréchet space F . Assume furthermore, that for every point p ∈ M the exponential map is a local diffeomorphism (this is not in general true for tame Fréchet manifolds -for counterexamples see [Fre12a] ). Then the tangent space T p M can be identified with F . Denote by T M the tangent bundle of M and define a vector field on M to be a smooth section of T M (for details see [Ham82, Fre13b] ).
The vertical bundle T v P ⊂ T P consists of the vertical vectors, that is the vectors v ⊂ T P such that v ⊂ (dπ) −1 (0, x) with x ∈ M . A connection on T P consists of the assignment of a complementary tame Fréchet subbundle T h P of T P (i.e.: such that
Definition 2.10 (Connection). A connection Γ on T P is the assignment of a complementary subspace of horizontal vectors, such that in terms of any coordinate chart of P with values in
where Γ is represented in any local chart by a smooth map Γ : (U ⊂ F )× G× F 1 −→ G, which is bilinear in g and h.
If P is the tangent bundle of M , then G = F 1 . We call a connection symmetric if Γ is symmetric in {g, h}.
In the finite dimensional case, in order to define curvature, one would now define a tensor field on M . As dual spaces of Fréchet spaces are (with the trivial exception of Banach spaces) not Fréchet spaces, this approach is not possible for Fréchet manifolds. In contrast we are forced to use explicit coordinate dependent descriptions in terms of component functions.
Definition 2.11 (curvature). The curvature of a connection on a vector bundle P over M is the trilinear map R :
Similarly metrics are defined by their coordinate functions:
Definition 2.12 (metric). Let M be a tame Fréchet manifold and T M its tangential bundle. A metric on T M is a smooth bilinear map: g : T M × T M −→ R. A map g is smooth if it is smooth in any local chart.
Clearly, M is not complete with respect to g (otherwise M would be a Hilbert manifold); so g is only a weak metric.
Following the finite dimensional convention, we define the index of g to be the dimension of the maximal subspace on which g is negative definite.
As usual a connection is compatible with the metric g, iff
for any vector fields V and W along a curve c :
Definition 2.13 (Levi-Civita connection). Let (M, g) be a tame Fréchet manifold. A Levi-Civita connection is a symmetric connection which is compatible with the metric.
Lemma 2.14. If a Levi-Civita connection exists, it is well defined and unique.
For a proof see [Fre13b] . In contrast to this result, the existence of a Levi-Civita connection seems not to be clear For the following result see [Fre13b] .
Lemma 2.16 (curvature of tame Fréchet Lie group). The curvature tensor of a tame Fréchet Lie group is given by:
Definition 2.17 (Sectional curvature). If |g∧h| 2 = g, g h, h − g, h 2 = 0, we define the sectional curvature, to be
We now define tame Fréchet symmetric spaces Definition 2.18 (tame Fréchet symmetric space). A tame Fréchet manifold M with a weak metric equipped with a Levi-Civita connection is called a symmetric space, iff for all p ∈ M there is an involutive isometry ρ p , such that p is an isolated fixed point of ρ p .
Also the concept of geodesic symmetries extends from the finite dimensional blueprint [Fre13b] :
Lemma 2.19 (geodesic symmetry). Let M be a tame Fréchet pseudo-Riemannian symmetric space. For each p ∈ M there exists a normal neighborhood N p of p such that ρ p coincides with the geodesic symmetry on all geodesics through p in N p .
Hence, Kac-Moody symmetric spaces admit the following characterization:
Definition 2.20 (Kac-Moody symmetric space). An (affine) Kac-Moody symmetric space M is a tame Fréchet Lorentz symmetric space such that its isometry group I(M ) contains a transitive subgroup isomorphic to an affine geometric Kac-Moody group H, and the intersection of the isotropy group of a point with H is a loop group of compact type (which may be 0-dimensional).
3 Euclidean OSAKAs
Geometric Kac-Moody algebras
We follow the geometric approach to Kac-Moody algebras described in [HG09] . For the algebraic side see the books [Kac90, Car02] . For a detailed review of the relation between the two constructions see [Fre12d] . Let g be a finite dimensional complex, reductive Lie algebra. Hence by definition g := g s ⊕ g a is a direct product of a semisimple Lie algebra g s with an Abelian Lie algebra g a . We define the loop algebra L(g) as follows:
This algebra is a tame Fréchet Lie algebra with respect to the family of norms f n := sup z∈An |f (z)| where A n denotes the annulus A n := {x ∈ C * |e −n ≤ |x| ≤ e n }.
Definition 3.1. The complex geometric affine Kac-Moody algebra associated to g is the algebra
equipped with the Lie bracket defined by:
Here f ∈ L(g) and ω(f, g) := Res( f, g ′ ) .
Hence ω is a certain antisymmetric 2-form on L(g), satisfying the cocycle condition.
A Kac-Moody algebra is called of semisimple type of g is semisimple and of Euclidean type if g is Abelian.
Remark, that we only consider non-twisted affine Kac-Moody algebras. This is no restriction as all twisted affine Kac-Moody algebras are of semisimple type and hence do not appear in connection with symmetric spaces of Euclidean type.
OSAKAs
Similar to (simply connected) finite dimensional Riemannian symmetric spaces, that are classified by associating to them some orthogonal symmetric Lie algebras (OSLA) (see [Hel01] ), Kac-Moody symmetric symmetric spaces can be classified using their orthogonal symmetric affine Kac-Moody algebras (OSAKAs) (see [Fre12d, Fre13b] ). 
An OSAKA ( L(g), L(ρ)) is called irreducible iff it has no non-trivial Kac-Moody subalgebra invariant under L(ρ).
Similar to orthogonal symmetric Lie algebras in the finite dimensional case (see [Hel01] ), there are OSAKAs of compact type, of noncompact type and of Euclidean type. In this paper we focus uniquely on the Euclidean case: Definition 3.3. The infinite dimensional holomorphic Heisenberg algebra H ǫ is the Lie algebra generated by basis elements a n , n ∈ Z and a central element c such that [a m , a n ] = δ m,−n ǫc .
Its elements are all (possibly infinite) linear combinations r c c + n r n a n such that n>0 (|a n | + |a −n |)e kn < ∞ for all k ∈ N. If ǫ = 1 then H ǫ is said to be of non-compact type, if ǫ = i then H ǫ is said to be of compact type.
Slightly generalizing this definition, we put:
Definition 3.4. The infinite dimensional k-Heisenberg algebra H k,ǫ is the Lie algebra generated by basis elements a n,i , n ∈ Z, i = {1, . . . , k} and a central element c such that [a m,i , a n,j ] = δ i,j δ m,−n ǫc . k is called the dimension of H k,ǫ . Its elements are all (possibly infinite) linear combinations r c c + n,i r n,i a n,i such that for any i we have n>0 (|a n,i | + |a −n,i |)e kn < ∞ for all k ∈ N. If ǫ = 1 then H k,ǫ is said to be of non-compact type, if ǫ = i then H ǫ is said to be of compact type.
Lemma 3.5.
• The derived algebra of an irreducible Euclidean Kac-Moody algebra L(C) is isomorphic to the Heisenberg algebra H ǫ .
• The derived algebras of an reducible Euclidean Kac-Moody algebra L(a) where a ∼ = C k is isomorphic to the generalized Heisenberg algebra H k,ǫ , such that k = dim(a).
Consequently, the associated group L(G) is a Heisenberg group (see also [PS86] , section 9.5).
So let H k,ǫ,C be an infinite dimensional complex Heisenberg algebra. We want to study its real forms.
Remark 3.6. Heisenberg algebras are related to affine Kac-Moody symmetric spaces of Euclidean type. In the finite dimensional blueprint, their role is taken by the Euclidean Lie algebras E(k). Remark that we do not see the infinite dimensional counterpart of the orthogonal group, but only the translation group. This is partly due to the fact that the associated symmetric space is not of semisimple type. More precisely, our construction yields only the transvection group.
In [Fre12d] we proved for OSAKAs (and hence affine Kac-Moody symmetric spaces) the following result Theorem 3.7. Every real form of a complex geometric affine Kac-Moody algebra is either of compact type or of non-compact type. A mixed type is not possible.
As a consequence of the proof of theorem 3.7, given in [Fre12d] , it follows that a real form is of compact type iff the coefficient of the central element c is imaginary and of non-compact type iff the coefficient of the central element c is real. As a consequence of this observation we can note the following result:
Proposition 3.8.
• H k,ǫ=1,C ⊗ Rd is a non-compact real Kac-Moody algebra in the sense of theorem 3.7,
• H k,ǫ=i,C ⊗ iRd is a compact real Kac-Moody algebra in the sense of theorem 3.7.
Affine Kac-Moody symmetric spaces of Euclidean type
The n-dimensional simply connected Euclidean symmetric space is isometric to R n equipped with its Euclidean metric; it is irreducible iff n = 1. It is non-compact and trivially diffeomorphic to a vector space. There is also a compact Euclidean symmetric space, namely the torus T n := (S 1 ) n ; it is irreducible iff its dimension 1, hence if it is a circle S 1 . As the fundamental group of S 1 is Z, the fundamental group of a n-dimensional torus is Z n and the torus can be described as a quotient of its universal cover R n by the isometric action of its fundamental group.
In both of these irreducible cases the OSLA is isomorphic to g ∼ = SO(1) ⋉ R, the involution is the inversion x → −x. The fixed subgroup is
Thus in the classification of simply connected irreducible Riemannian symmetric spaces only R n appears. Nevertheless there is a duality construction similar to the duality between symmetric spaces of compact type and of noncompact type, relating the two spaces. With respect to this construction, the torus T n is the natural "compact dual" of the noncompact symmetric space R n . In terms of Lie algebras and the exponential function we can describe the "duality" between R ⇔ S 1 as follows:
Start with the space of "compact type", namely S 1 . Its tangential space T p (S 1 ) -the Pcomponent of the Cartan decomposition -is isomorphic to R. Its complexification is isomorphic to C. T p (S 1 ) is embedded into C as the imaginary axis. Dualization exchanges the subspace iR by the subspace R. The exponential mapping in the first (compact) case (writing the symmetric space R ∼ = R + ) is
while it is in the second (non-compact) case
We have furthermore the complex relation
Hence we can desribe the symmetric space of non-compact type also as
similar to the description of finite dimensional symmetric spaces of type IV in the classification (see for example [Hel01] , chapter X. The theory of Euclidean affine Kac-Moody symmetric spaces is similar: An affine geometric Kac-Moody algebra of Euclidean type is the double extension of a loop algebra L(g R ) where g denotes a finite dimensional real Abelian Lie algebra. This real Abelian Lie algebra is a real form of a complex Lie algebra L(g C ) with g C = g R ⊕ ig R . Hence, we have two possible real forms: L(g R ) and L(ig R ). The loop algebras are isomorphic as are their Heisenberg algebras. Nevertheless, the associated Kac-Moody groups are different.
Let us now describe the metric on L(g). This metric is then extendet to L(G) bei left translation. We start with the Euclidean scalar product ·, · on g R defined as follows (see also [Hei08] , [HPTT95] ):
This scalar product ·, · is clearly Ad-invariant. Now we extend ·, · to the complexification g C of g: We identify L(g C ) = L(g R ) ⊕ i L(g R ) and put ix, iy := x, y and x, iy = 0. This scalar product is again Ad-invariant.
Definition 4.1 (Kac-Moody symmetric space of Euclidean type -1. case). Let g C := C n and let G C ∼ = (C * ) n be the associated Lie group. We put
Let furthermore L(G) denote the Kac-Moody group constructed from L(G), that is the semidirect product of the Heisenberg group with C * . Then the space L(G C ) R is a Kac-Moody symmetric space of the Euclidean type.
Spaces of this type can occur as a subspace of an indecomposable Kac-Moody symmetric space having subspaces of compact type.
Definition 4.2 (Kac-Moody symmetric space of Euclidean type -2. case). Let g C := C n and let G C ∼ = (C * ) n be the associated Lie group. Define furthermore Proof. A Kac-Moody symmetric space is irreducible iff its OSAKA is irreducible (see [Fre13a] ). An OSAKA of Euclidean type is irreducible if its Kac-Moody algebra is irreducible. Hence this result is a consequence of definitions 3.3 and 3.4 and the observation, that a Heisenberg algebra is a subalgebra of any generalized Heisenberg algebra. Thus let H g be a generalized Heisenberg algebra and H 0 a Heisenberg subalgebra of H g . Then the extension H 0 ⊕ Cd is a Kac-Moody algebra of Euclidean type, which is a subalgebra of H g ⊕ Cd. Hence H g ⊕ Cd is reducible This is a direct consequence of corollary 4.25 in [Fre12a] , stating that the exponential map of a loop group associated to a Lie groups whose universal cover is biholomorphically equivalent to C n is a local diffeomorphism. For commutative Fréchet Lie groups, Galanis [Gal96] proves the following result: Theorem 4.6 (Galanis). Let G be a commutative Fréchet Lie group modelled on a Fréchet space F . Assume the group is a strong exponential Lie group (i.e. a group such that exp is a local diffeomorphism). Then it is a projective limit Banach Lie group.
As the loop group subjacent to a Euclidean Kac-Moody group is Abelian and strong exponential and the 2-dimensional extension does not cause any functional analytic problem, we can apply this result to get immediately that an Euclidean Kac-Moody symmetric space is strong exponential. Furthermore it carries a projective limit Banach structure modelled via the exponential maps on the tangential Kac-Moody algebra. Remark, that one can prove this also elementary by calculation in this setting; for the general investigation of inverse limit structures on Kac-Moody symmetric spaces see [Fre09] and the forthcoming paper [Fre13c] .
Theorem 4.7. Let G be a simple compact Lie group, T ⊂ G a maximal torus. The space M T is a Kac-Moody symmetric space of Euclidean type.
As is the case of finite dimensional symmetric spaces of the Euclidean type the isometry group is much bigger, namely a semidirect product of a Euclidean Kac-Moody group with the isotropy group of a point.
